Abstract. We generalize adelic measure to quasi-adelic measure on P 1 , and show that arithmetic equidistribution of small points holds for quasi-adelic measure. In the end, we briefly describe an application of the arithmetic equidistribution theorem for quasi-adelic measures.
Introduction
Let k be a product formula field, such as a number field or function field of a curve. Adelic measures on P 1 were introduced in [BR2, FRL] , where the authors proved independently the arithmetic equidistribution of points with small heights, on the Berkovich compactification of P 1 (k). Similar notions (the adelic metrized line bundle [Zh1, Zh2] ) appear as a hypothesis in the equidistribution results on more general varieties [CL, Yu] . In this article, we examine the equidistribution of small points on P 1 in a more general setting, that of quasi-adelic measures. Roughly, a quasi-adelic measure is a collection of probability measures µ v on the Berkovich projective line P 1 Berk,v , indexed by the places v of k, so that their potential functions satisfy a summability condition. By contrast, an adelic measure is required to have "trivial" contributions at all but finitely many places. The measures determine a height functionĥ µ on P 1 (k sep ), given by the sum of the potential functions of the measures µ v . From the height point of view, the height of a quasi-adelic measure allow nontrivial contributions from local heights for infinitely many places, which is prohibited for the heights of adelic measures. Precise definitions are given in Section 2.
The arithmetic equidistribution theorems play an important role in the recent study of complex dynamics and number theory; see, e.g. [BD1, DWY1, GHT, FG, Ull, Zh3] . However, in attempts to apply the theory to more general families of rational functions on P 1 , we discovered that the "adelic" hypothesis of the equidistribution theorems will not always be satisfied [DWY2] . The main result of this article, which is used to prove one of the main results of [DWY2] , extends the equidistribution theorems (and proofs) of [BR2, FRL] to the quasi-adelic setting: Theorem 1.1. Let k be a product formula field and µ = {µ v } v∈M k be a quasi-adelic measure. Suppose S n is a sequence of Gal(k sep /k)-invariant subsets of P 1 (k sep ) with Date: February 17, 2015. |S n | → ∞ andĥ µ (S n ) → 0, as n → ∞. Then for each v ∈ M k , the sequence of probability measures [S n ] v , weighted equally on the points in S n , converges weakly to µ v on P 1 Berk,v as n → ∞.
Acknowledgements. We would like to thank Matthew Baker, Laura DeMarco, Dragos Ghioca and Xiaoguang Wang for many helpful comments and suggestions.
Preliminaries and some properties
In this section, we introduce quasi-adelic measures, quasi-adelic sets, define canonical heights and show some properties.
Preliminaries and basic notations.
A product formula field is a field k together with
• a set M k of pairwise inequivalent non-trivial absolute values on k (we call them places). And a unique positive integer N v associated to each place v ∈ M k .
• for each α ∈ k * , |α| v = 1 for all but finitely many places v ∈ M k , and α satisfies the following product formula:
The most important product formula fields are number fields and function fields of curves. Let k be the algebraic closure of k, and k sep be the separable closure of k. If the characteristic of k is zero, then it is well known that k = k sep . For each v ∈ M k , let k v be the completion of k at v, let k v be an algebraic closure of k v , and let C v denote the completion of k v . We let P 1 Berk,v denote the Berkovich projective line over C v , which is a canonically defined path-connected compact Hausdorff space containing P 1 (C v ) as a dense subspace. For each v, we fixed an embedding of k to
For example, the function log + |z| v := max{log |z| v , 0} on P 1 (C v ) extends naturally to a continuous real valued function P 1 Berk,v \{∞} → R and (2.2) ∆ log
where λ v is the uniform probability measure on the complex unit circle {|z| = 1} when v is archimedean and λ v is a point mass at the Gauss point of P 1 Berk,v when v is non-archimedean.
A probability measure µ v on P 
is a continuous potential for µ v , and the set (2.3)
v |G µv (x, y) ≤ 0} has capaticy Cap(M µv ) = 1; see [De2] and [BR1, §3.3] for the definition of homogeneous capacity. Here G µv (x, y) is a function uniquely determined by g o µv as follows
µv (x/y) + log |y| v , for x, y ∈ C v and y = 0 log |x| v − g(∞), for x ∈ C v , x = 0 and y = 0
We call the continuous function G µv on C 2 v \{(0, 0)} normalized homogeneous potential for µ v . And homogeneous potentials of µ v are all functions differ from G µv by a constant. For example, from (2.2), we know the normalized homogeneous potential for λ v is G λv (x, y) = log (x, y) v , and
For each probability measure µ v on P 
For points (x, y) ∈ C 2 v , the normalized Arakelov-Green function g µv is exactly given by:
wherex,ỹ are any lifts of x and y, and |x ∧ỹ| := |x 1 y 2 − y 1 x 2 | forx = (x 1 , x 2 ) and y = (y 1 , y 2 ). Since
Berk,v , by continuity, it is easy to see that the function g µv on P 1 Berk,v × P 1 Berk,v is uniquely determined by G µv . The fact that the capacity of the set M µv defined in (2.3) is one guarantees the function g µv defined in (2.6) satisfies the integral formula (2.5); see [BR1, BR2] for more details.
2.2. Quasi-adelic measure and canonical height function. Let µ v be a probability measure on P 1 Berk,v with continuous potentials. We define the outer radius and inner radius for µ v as
A quasi-adelic measure on P 1 (with respect to a product formula field k) is a collection µ = {µ v } v∈M k of probability measures on P 1 Berk,v , one for each v ∈ M k , such that
• µ v has continuous potentials for all v ∈ M k ; and
Remark. Since Cap(M µv ) = 1 and Cap(D 2 (0, r)) = r 2 , the radii 0 < r in (µ v ) ≤ 1 ≤ r out (µ v ). The measure µ = {µ v } v∈M k is adelic if we replace the second condition by µ v = λ v for all but finitely many v ∈ M k , or equivalently r in (µ v ) = r out (µ v ) = 1 for all but finitely many places v; see [BR2, FRL] .
If ρ, ρ ′ are probability measures on P 1 Berk,v , we define
and the µ v -energy of ρ is defined as
Here |S| is the cardinality of the set S. We denote [S] v as the discrete probability measure on P 1 Berk,v , supported equally on all elements of S. The canonical height of S associated to an adelic measure µ = {µ v } v∈M k is an number given bŷ
wherex,ỹ are fixed lifts of x, y in k sep × k sep . Hence, from (2.7), for any x ∈ k sep , let S = Gal(k sep \k) · x, we can defined the canonical height for x:
The constants N v are the same as those appearing in the product formula (2.1).
Remark. The canonical height defined here is slightly different from the one appeared in [BR2, FRL] , but agrees with the one defined in [DWY1, DWY2] . The factor |S| |S|−1 included here makes the canonical height a natural extension to all points in P 1 (k sep ).
2.3. Quasi-adelic set. Next, we introduce quasi-adelic sets. In many applications, it is much easier to deal with quasi-adelic set other than quasi-adelic measure. Analog to the definition of the homogeneous filled Julia set in [BR1, §3.2], we define homogeneous set with continuous potential as:
with G Mv being a homogeneous potential for a probability measure (denote as µ Mv ) with continuous potentials on P 1 Berk,v . When v is an archimedean place (see [De2] ), it is equivalent to say that
2 is a compact, circled and pseudoconvex set, or G Mv is a continuous and plurisubharmonic function satisfying
In reality, there are many homogeneous sets with continuous potential. For example, suppose we have a sequence of non-degenerate homogeneous polynomials
Then G v is a homogeneous potential for some probability measure with continuous potentials on P 1 Berk,v ; see [BR1, §3] .
is a homogeneous set with continuous potential, and the capacity is computed by the limit of the resultants (see [DWY1] ):
Analog to the definition of the radii of µ v , we define the outer and inner radii of
A quasi-adelic set (with respect to a product field k) M = {M v } v∈M k is a collection of sets, one for each v ∈ M k , such that
• M v is a homogeneous set with continuous potential, and
For each homogeneous set M v with continuous potential, there is a unique probability measure µ Mv with continuous potentials associated to it. Hence, from a quasi-
Theorem 2.1. Let k be a product field and M = {M v } v∈M k be a collection of homogeneous sets with continuous potential, one for each v ∈ M k . One has
Nv converges strongly, and for any Gal(k
2.4. Some properties. Linear combination of quasi-adelic measures is a quasi-adelic measure.
Theorem 2.2. Let k be a product formula field. Suppose µ i = {µ v,i } v∈M k are distinct quasi-adelic meausres, for 1 ≤ i ≤ m with m ≥ 2. Let 0 < λ i < 1 be non-negative numbers with
is a quasi-adelic measure, and there is an L > 0 depending on µ i and λ i with
Proof. Let G µ v,i be the normalized homogeneous potential for µ v,i . Then (2.8)
is a homogeneous potential function (may not be normalized) for the probability mea-
Berk,v . Since M µ v,i has inner and outer radii r in (µ v,i ), r out (µ v,i ). We know that
has inner and outer radii satisfying
Because µ i is quasi-adelic, the above inequalities indicates that M = {M v } v∈M k is a quasi-adelic set. Hence by Theorem 2.1, µ = {µ v } v∈M k is a quasi-adelic measure.
Let g µ i,v be the normalized Arakelov-Green function for µ i,v , the component of µ i for a place v ∈ M k . By [BR1, Theorem 5.8] ,
with equality if and only if µ i,v = µ v . Hence
with equality if and only if µ i,v = µ v for i = 1, · · · , m. Then by the definition of Arakelov-Green function,
is the normalized Arakelov-Green function for µ v . Consequently, one has
The canonical height function for a quasi-adelic measure is "almost" non-negative, in the following sense Proposition 2.3. Let k be a product formula field. Suppose µ is a quasi-adelic meausre. Then for any δ > 0, there are only finitely many x ∈ k sep witĥ h µ (x) < −δ.
Proof. We prove it by contradiction. Assume that there are infinitely many
So we get a contradiction.
Remark. For quasi-adelic measures, the canonical heights don't need to be always non-negative on P 1 (k sep ); see Example 4.2.
For any number field k, it is naturally equipped with a set of inequivalent norms M k and positive integers {N v } v∈M k making it a product formula field. For any x ∈ k, the logarithmic Weil height of x is
The logarithmic Weil height is well defined over Q, and doesn't depend on the embedding of a number field k → Q. A good property of a adelic measure is that its canonical height is bounded by the Weil height. For quasi-adelic measures over a number field k, we have a similar result:
Proposition 2.4. Let k be a number field. Suppose µ = {µ v } v∈M k is a quasi-adelic meausre. Then the canonical heightĥ µ is bounded by the logarithmic Weil height h on P 1 (Q), i.e.
Proof. Let x o be an element in k and its Galois orbits S = Gal(k\k) · x o . For any lift x ∈ k 2 of x ∈ k, by the definition of outer and inner radii,
Proof of main theorems
In this section, we give proofs for Theorem 1.1 and 2.1.
3.1. Proof of Theorem 1.1. By assumption, {S n } n≥1 is a sequence of subsets of P 1 (k sep ), which are Gal(k sep /k)-invariant and |S n | tends to infinity. For any v ∈ M k , the µ v -energy of the probability measure [S n ] v on P 1 Berk,v is given by
withx andỹ being any lifts of x and y. We have the following lemma: Lemma 3.1. Take {S n } n≥0 and µ = {µ v } v∈M k satisfying the same conditions as in Theorem 1.1. For any place v ∈ M k , one has
Proof. First, it can be shown that for any v ∈ M k , (3.1) lim
For this, we follow the proof of [BR1, Lemma 3.24] . By the definition of capacity,
Fix an arbitrary small ǫ > 0. For any x, y ∈ S n , since {|x| v : x ∈ C v } is dense in R + , we can takex,ỹ ∈ M µv as lifts of x and y, such that
Hence by the definition of energy function and (3.2)
Second, we still need to show that for all v ∈ M k , one has
Assume that this lemma fails, then there exist an ǫ > 0, v o ∈ M k and a sequence of strictly increasing integers {n j } j≥1 , such that
For any v ∈ M k and any δ > 0, we lift x, y ∈ S n tox,ỹ ∈ M µv such that
Since we know that M µv is bounded by the polydisc with outer radius r out (µ v ), then
when v is non-archimedean. For non-archimedean place v ∈ M k , one has
We shrink δ to zero, then the above inequality becomes
as long as v is non-archimedean. It is well known that for product formula field k, there are only finite many archimedean places; see [Ar, Chapter 12, Theorem 3] 
Nv converges. Hence we can choose a set M
only has finitely many places.
• all places in M ′ k are non-archimedean and
Hence, from the definition of the canonical height functionĥ µ , we have
Since the set M ′′ k has only finitely many places and the height of S n j tends to zero, by (3.1), the inferior limit of the above inequality
which contradicts to our assumption (3.3). We finish the proof of this lemma.
The set of probability measures on P 1 Berk,v is compact in the weak topology. Hence, to show [S n ] v converges weakly to µ v as n → ∞, it suffices to show that any convergent subsequence of [S n ] v converges to µ v . Without loss of generality, we assume that [S n ] v converges to some ν v , i.e.
By [BR1, Theorem 3.45] , µ v is the unique probability measure on P 1 Berk,v minimizing the µ v -energy function I µv (·). Then from above discussion,
We finish the proof of Theorem 1.1.
Proof of Theorem 2.1. We show first that
For the definition of capacity, it is clear Cap(rM v ) = r 2 Cap(M v ). Since G Mv is a homogeneous potential for µ Mv , the normalized homogeneous potential is
and
Moreover, as Cap(D 2 (0, r)) = r 2 for polydiscs, one has
Then by (3.8),
As M = {M v } v∈M k is quasi-adelic, the products of inner and outer radii converge strongly. Then the above inequalities implies the products of inner and outer radii of Moreover, by (3.9) , the product of the capacities converges strongly, and then the last formula for the canonical height is clear by (2.7) and (3.7). We finish the proof of Theorem 2.1.
Applications
In this section, we briefly describe an application in [DWY2] , and give some examples of quasi-adelic measures.
An interesting question in dynamics is to classify algebraic subvarities of M d (the moduli space of degree d rational maps on P 1 (C)) with Zariski-dense postcritially finite maps (PCF for short); see [BD2, Conjecture 1.4] and [Si, §6.5] . A rational map is PCF if all its critical points are preperiodic under iteration. Milnor [Mi1] introduced lines Per 1 (λ) ⊂ M 2 ≃ C 2 , with Per 1 (λ) being the set of conjugacy classes [f ] such that f ′ (p) = λ for some fixed point p of f . In [DWY2, Theorem 1.1], we addressed a special case of Conjecture 1.4 in [BD2] , by showing that PCF maps are Zariski-dense in Per 1 (λ) if and only if λ = 0. A key ingredient is the arithmetic equidistribution theorem for quasi-adelic measures.
Fix 0 = λ ∈ Q, the family Per cm 1 (λ) parametrized by t f t (z) := λz z 2 + tz + 1 is a double cover of Per 1 (λ) ⊂ M 2 , with marked critical points ±1. We lift f t to homogeneous function on C 2 with homogeneous parameters (t 1 , t 2 )
2 ). Iterate the homogeneous lifts (±1, 1) of the critical points ±1, and get rid of common factors, we get F ± n (t 1 , t 2 ) = F n t 1 ,t 2 (±1, 1)/gcdF n t 1 ,t 2 (±1, 1).
In the rest of this article, we fix λ ∈ Q with λ = 0 and not being a root of unity. Let
In [DWY2, Theorem 5.1], it was proved that
Hence G ± v are homogeneous continuous potentials for some probability measures (denoted as µ 
are quasi-adelic sets, and then
are quasi-adelic measures. Hence the equidistribution theorem holds for measures
) for all but finitely many v ∈ M k . Next, we show that µ ± are not adelic measures.
Proposition 4.1. For any λ ∈ Q\{0} and λ is not a root of unity, both µ ± are quasiadelic but not adelic. Actually, for all but finitely many places v ∈ M k , µ
Proof. It suffices to show that for any non-archimedean place v ∈ M k with |λ| v = 1 and |1 − λ| v = 1, we have µ We define the Call-Silverman canonical heightsĥ ± on the parameter space t ∈ Per cm 1 (λ)(Q) asĥ ± (t) :=ĥ ft (±1) := lim
where h is the logarithmic Weil height andĥ ft is the canonical height of the morphism f t . By [Si, Corollary 1.1.1],ĥ ± (t) ≥ 0 on P 1 (Q) with equality if and only if the critical point ±1 is preperiodic for the morphism f t . In [DWY2, Proposition 7.6], it was shown thatĥ µ ± (t) = 2[k : Q] ·ĥ ± (t) with k = Q(λ).
Then by [DWY2, Lemma 2.1], there are infinitely many t ∈ k withĥ µ + (t) = 0 (or h µ − (t) = 0). Let µ be the average of µ ± , i.e. Remark. When v ∈ M k is archimedean, the measure µ v , as a component of µ = {µ v } v∈M k , is the normalized (total mass 1) bifurcation measure on Per cm 1 (λ), which is a well known object in complex dynamics. And the support of µ v is the set of parameters t, roughly speaking, where the dynamics of f t is not stable for small perturbation of t. See [De1, De2, DF] for details.
